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Abstract 
Adamek, J. and J. Rosicky, On orthogonal subcategories of locally presentable categories, 
Discrete Mathematics 108 (1992) 133-137. 
The statement ‘every full, limit-closed subcategory of a locally presentable category is 
orthogonal’ is proved to be undecidable; in fact, equivalent to a large-cardinal principle. For 
dual categories of locally presentable categories the situation is analogous. 
Introduction 
In our previous papers [l, 41 we have asked whether each locally presentable 
category X has the following properties: 
(1) every full, limit-closed subcategory of Yt is reflective, 
(2) every full, colimit-closed subcategory of .X is coreflective. 
The answer is, in both cases, undecidable: the affirmative answer to (2) is 
equivalent to the following large cardinal principle: 
Vophka’s Principle: Od cannot be fully embedded into 9%~. 
(O’KZ! denotes the usual category of ordinals, and %M the category of 
graphs = binary relations.) 
The equivalence of the above formulation with other formulations in use has 
been shown in [l].) The affirmtive answer to (1) is equivalent to the following: 
Weak Vop&ka’s Principle: OM!“~ cannot be fully embedded into F&U. 
We recall that Vopenka’s Principle implies Weak Vopenka’s Principle which, 
in turn, implies the existence of arbitrarily large measurable cardinals. Whether 
one of those implications is an equivalence is an open problem. But Vopenka’s 
Principle implies the existence of arbitrarily large compact (and super-compact, 
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etc.) cardinals; and the existence of huge cardinals implies that Vopenka’s 
Principle is consistent, see [2]. 
The aim of the present paper is to exhibit a refinement of the mentioned 
results. Recall than an object K of a category X is orthogonal to a X-morphism 
m :A + B provided that for each morphism f : A + K there exists a unique 
morphism g : B+ K with f = g om. A full subcategory 9 of X is said to be 
orthogonaE provided that there is a class M of morphisms of X with 2 equal to 
ML={K~XIK’ IS orthogonal to each M-morphism}. 
(The dual concept is called co-orthogonal subcategory.) For full subcategories of 
any category X one has, of course, the following implications: 
reflective + orthogonal + limit-closed. 
We will show that, for locally presentable categories X, the latter implication can 
be reversed iff Weak Vopenka’s Principle is true. The same holds for the former 
implication: see [l]. Quite analogously, one always has 
coreflective + co-orthogonal + colimit-closed 
We will show that, for locally presentable categories X, the latter implication can 
be reversed iff Vopenka’s Principle is true. The same holds for the former 
implication: see [4]. 
We are working in the Godel-Bernays-von Neumann set theory. 
Theorem 1. Weak Vopk;nka’s Principle is equivalent with the following statement: 
Every full limit-closed subcategory of a locally presentable category is orthogonal. 
Proof. Assuming Weak Vopeka’s Principle, every full, limit-closed subcategory 
of a locally presentable category is even reflective, see [l]. 
Assuming the negations of Weak Vopenka’s Principle, we will exhibit a 
limit-closed, full subcategory 2 of % .WI, which is not orthogonal. Let E: fh’op+ 
9%~ be a full embedding. We can suppose that each graph Ei is connected 
(= indecomposable) since, by [3, Theorem IV.4.121, %& can be fully embedded 
into the category of connected graphs. For each ordinal i let E*i denote the 
intersection of images of Ei,i: Ej+ Ei for all j 2 i; there is, clearly, j. with 
E*i = Ei,ic, (Ej,). Thus, we can assume that E has the property that E*i is the 
image of Ei,i+, for each i (else, it suffices to restrict E to a suitable subchain of 
O;Ldop). Observe also that the cardinalities of E*i, i E Ord, are unbounded. 
Otherwise there would exist a proper class C c Ord such that E*i = E*j for all 
i, j E C. Choose i < j in C such that card Ej >card E*j. By composing the 
range-restriction of Ei,i with the inclusion E*i = E*j+ Ej we obtain a nontrivial 
endomorphism of Ej. This contradicts to the fullness of E: clearly, hom(Ej, Ej) = 
{id}. 
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Consider the following graphs _??i: for each even ordinal i (= cy + 2n, where (Y is 
a limit ordinal and n < o) put I% = Ei; for each odd ordinal i (= a + 2n + 1) put 
l?i=Ei+ u {GIG is a proper subgraph of E *i} . 
Denote by r, : I% + Ei the unique homomorphism sending each point of ,!?i to the 
corresponding point of Ei (r, = id,, if i is even, and ri is the inclusion map G+ Ei 
for each subgraph G of E*i if i is odd). 
The full subcategory 3 of 93~ with the required properties is the smallest full, 
limit-closed subcategory containing each graph l?i, i E Ord. We first show that 3 
does not contain the empty graph 0. In fact, let 3” be the full subcategory of % 
consisting of all graphs G for which there exists a proper class of ordinals i such 
that hom(Ei, G) is a singleton set. Then 2’ contains any f?j since for each G = l?j 
and each even ordinal i s j, hom(&, Ej) is a singleton set. (Indeed, I% = Ei is a 
connected graph, and there is a unique morphism from Ei to E*j which is 
onto-thus, no morphism leads from Ei to a proper subgraph of E*j.) It is 
obvious that 2” is closed under (small) limits in %; thus _Y E 2’. Since 0 $9, 
we conclude that 0 $ X 
We are prepared to show that 2 is not orthogonal in 3~. Let M be a class of 
morphisms of 9% with _YGM’. We will show that 0 E ML, thus Z;p+ M*. 
Suppose that, on the contrary, 0 $ Ml. This means that there is an M-morphism 
A % B and a morphism f : A += 0 such that no g : B + 0 fulfils f = g om. In other 
words, B # 0 and A = 0. Then B is a non-empty graph such that for each i E Ord 
there is a unique morphism from B to l?i (since J?i E ML and M contains the 
empty map 0+ B). We can, moreover, assume that B is connected, since each 
connected component of B has the same property. Choose an odd ordinal iO such 
that card B < card E*iO. For the unique morphism f : B--, & we have f(B) E Eio 
(where EiO is the largest summand of I!$,) because otherwise the composition off, 
rio and the canonical inclusion Ei,,+ ,!?i, would be different from f Denote by G 
the image of f(B) in E&-since card B < card EiO and f factors through Ei,,,i,,+I, G 
is a proper subgraph of E*i,. Consequently, we have a morphism B+ I%, 
different from f: it is defined by the same rule, but takes its values in the 
summand G of I%,,. This is a contradiction. 0 
Theorem 2. Vopt?nka’s Principle is equivalent with the following statement: Every 
full, limit-closed subcategory of a dual of a locally presentable category is 
orthogonal. 
Proof. Assuming Vopenka’s Principle, every full colimit-closed subcategory of a 
locally presentable category is coreflective (and hence, co-orthogonal), see [4]; by 
duality, we have the desired implication. 
Assuming the negation of Vopenka’s Principle, we will exhibit a full colimit- 
closed subcategory 3 of 5% which is not co-orthogonal. %m has a large, full, 
discrete subcategory (see [l]); let us denote the graphs by Gki = (X,, yki) for 
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Fig. 1. 
k, i E Ord. We can assume that they are acyclic since, by [3, Theorem IV.5.61, 
Y&Z can be fully embedded into its subcategory of all acyclic graphs. For each 
ordinal i define the graph Hi as in Fig. 1. The underlying set of H, is 
{a,b}+{k,k*Ik<i}+UX,j 
k<i 
(where we assume, for convenience of notation, that the summands are pairwise 
disjoint, and the coproducts are unions), the relation of H, is 
kvi yki U {(k, k’) 1 k<k’ <i> U {(k, k*)Ik<i U {(k”, k))ke 
U {(X, k) 1 x E x/&j k < i). 
The graphs Hi also form a discrete full subcategory of %. In fact, let f : Hi + Hj 
be a morphism. Then f preserves directed %-cycles (which are just those formed 
by k, k*) and 3-cycles (formed by a, b, x) and hence, 
f(~;x~~)~k~i xk’j and f ({k 1 k -C i}) G {k’ 1 k’ <j}. 
If f(k) = k’, then clearly f (xki) G xkpj thus, f defines a morphism Gki’ G/c,, 
which shows that i = j and k = k’. Consequently, i = j and f :Hi+ Hi has the 
property that f (k) = k for all k < i, and it is now easy to see that f = id. 
Denote by 9 the closure of {Hi 1 i E Ord} under coproducts in %RL It is clear 
that 2 is colimit-closed. 
We will show that 9 is not co-orthogonal. Suppose that M is a class of 
morphisms in % such that M, (= the dual notation of ML) is contained in .X. 
We will then prove that M, contains the terminal graph T, and hence, Z# M,. 
If contrary, then T $ M, means that there exists an M-morphism m :A-+ B and a 
morphism f: T+ B which either does not factor through m, or factors non- 
uniquely. In other words, the graph B has a loop x such that either m-‘(x) 
contains no loop, or m-‘(x) contains two different loops. The latter cannot take 
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place since then {A 3 B}, = 0 (but we have 2’~ M,). Thus, the strong 
subgraphs A. of A induced by the set m-‘(x) has no loop. Nevertheless, each 
Hi, i E Ord, has a unique morphism from H, to AC1 (consider the constant 
morphism h : Hi ---, B with value x; the unique morphism g : H, + A with h = m og 
takes values in AJ. Every morphism g : Hi+=Ao is one-to-one on the set {/c}~<; 
because if kI # k2 then either (k,, k2) or (k2, k,) is an edge of Ifi, hence 
g(k,) # g(k,). This shows that card A,, > i for each ordinal i-a contradiction. q 
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